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Abstract
We have studied equilibration with respect to isospin degree of freedom in
four 96 mass systems 96Ru +96 Ru, 96Ru+96 Zr, 96Zr +96 Ru, 96Zr +96 Zr
at 100 AMeV and 400 AMeV with isospin dependent QMD. We propose that
the neutron-proton differential rapidity distribution is a sensitive probe to
the degree of equilibration with respect to the isospin degree of freedom. By
analyzing the average N/Z ratio of emitted nucleons, light charged particles
(LCP) and intermediate mass fragments (IMF), it is found that there exist
memory effect in multifragmentation process. The average N/Z ratio of IMF
reduces largely as beam energy increases from 100 AMeV to 400 AMeV which
may result from the change of the behavior of the isotope distribution of
IMF charges. The isotope distribution of IMF charges does also show certain
memory effect at 100 AMeV case but not at 400 AMeV case.
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The study of whether the equilibrium is reached or not is a prerequisite for the extraction
of valid information about the thermodynamical properties of the excited system produced
in the reaction. This problem has been studied theoretically and experimentally for many
years. But still there is many new problems which need to further study. Especial interest is
about the nature of the multifragmentation that is if the multifragmentation is a statistical
emission process or the dynamical one [1–5]. To clarify this problem, the FOPI collaboration
recently performed a so-called ’mixing experiment’ using four mass 96+96 systems Ru+Ru,
Zr + Zr, Ru + Zr, Zr + Ru at 400 AMeV [6,7]. To quantify conveniently the ’degree of
mixing’, they defined a normalized proton counting by the value of Zr + Zr and Ru+Ru,
RZ =
2 ∗ Z − ZZr − ZRu
ZZr − ZRu
. (1)
They first measured the proton counting number for Ru + Ru and Zr + Zr then they
measured RZ for asymmetric reaction Zr + Ru. The results of RZ for reaction Zr + Ru
showed that the protons were not emitted from an equilibrium source and the reaction
was half transparent [6]. These experimental results told us that the equilibrium was not
eventually reached in the reaction. However, this beautiful experiment study has only shown
that at beam energy 400 AMeV the protons are emitted by a non-equilibrium source but
it still can not answer if multifragmentation is a statistical emission process or dynamical
emission one at lower energy.
The aim of this work is to test the non-equilibrium effect by means of isospin degree
of freedom relevant probes stimulated by the ’mixing experiments’ performed by FOPI col-
laboration. We will first introduce our model briefly then we study the normalized proton
counting RZ and other probes such as the proton rapidity distribution, neutron-proton dif-
ferential rapidity distribution, and the isospin distribution of emitted nucleons, light charged
particles and intermediate mass fragments in the same collision systems at 400 AMeV as
well as 100 AMeV. And finally a short conclusion will be given.
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The Isospin Dependent Quantum Molecular Dynamics (QMD) model [4,8] is used in the
calculations. The following modifications in QMD model are introduced: Firstly, the isospin
dependent part of the nuclear potential is taken into account in addition to the Coulomb
interaction. The symmetry potential energy per nucleon is taken as the following form,
Vsym(ρ, δ) =
CS
2
(
ρ
ρ0
)δ2, (2)
where
δ =
ρn − ρp
ρn + ρp
, (3)
and CS is the strength of symmetry potential energy. In this work it is taken to be 35 MeV
and the corresponding symmetry energy is about 29 MeV. Secondly, the isospin dependent
binary elastic scattering cross section is used. It is well known that up to hundreds MeV the
free elastic proton-neutron cross section is about 2-3 times larger than that of proton-proton
(neutron-neutron)’s. Finally, in the treatment of the Pauli blocking, we firstly distinguish
protons and neutrons, and then we use the following two criteria:
4pi
3
r3ij ·
4pi
3
p3ij ≥
h3
4
, (4)
and
Pblock = 1− (1− fi)(1− fj), (5)
where fi is the distribution function in phase space for particle i and reads as
fi(
→
r ,
→
p, t) =
1
pih¯3
exp(−(
→
r −
→
ri (t))
2/2L2) exp(−(
→
p −
→
pi (t))
22L2/h¯2). (6)
Where L is a parameter which represents the spatial spread of wave packet,
→
ri (t) and
→
pi (t)
denote the center of the wave packet in coordinate and momentum space respectively. The
first condition gives the criterion for the uncertainty relation of the centroids of Gaussion
wave packets of two particles. The second one is the probability of the Pauli blocking effect
for the scattering of two particles, which is especially useful for collisions of heavy nuclei. The
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soft EOS (K = 200MeV ) is used in the calculations, the corresponding main parameters
are listed in Table 1. The secondary deexcitation on primary hot fragments is not taken
into account in the present calculations. It should not change the general conclusion of this
work.
We firstly investigate the proton counting for the mixing reactions of four mass 96 + 96
systems Ru + Ru, Zr + Zr, Ru + Zr, Zr + Ru as the same as in the experimental study
in ref. [6]. According to the definition of RZ , RZ = 1 for Zr + Zr, RZ = −1 for Ru + Ru.
For asymmetric reaction Ru + Zr, Zr + Ru, it may be more convenient to express RZ as
Rz = 2Rmix − 1, for Zr +Ru and Rz = 1− 2Rmix for Ru+ Zr, which can be derived from
definition (1). Here Rmix is the percentage of the number of protons emitted from projectile.
Rmix is proportional to the degree of mixing of projectile and target. It is obvious that if
projectile and target is completely mixed then Rmix equals to 0.5 at any rapidity and if
the reaction is full transparent Rmix should equal to 1 at projectile rapidity and 0 at target
rapidity, respectively. Fig. 1 shows RZ as function of rapidity at beam energy 100 AMeV
impact parameter b = 0fm and 400 AMeV b = 0fm and b = 5fm. The experimental data
(at 400 AMeV) is also given in the figure. From this figure, one can easily find that the
absolute RZ value goes from zero to about 0.5 for reactions Zr+Ru and Ru+Zr at energy
100 AMeV and 400 AMeV b = 0fm, and about 0.75 for the same reactions at beam energy
400 AMeV, b = 5fm. Our calculation is in reasonable agreement with experiments data
and consequently, the same conclusion concerning the non-equilibrium effect can be drawn
for 400 AMeV case. The results for b = 0fm and b = 5fm show the non-equilibrium effect
strongly depends on the impact parameter. However, the results of RZ for 400 AMeV and
100 AMeV at b = 0fm are undistinguishable and they lead to the same conclusion that
the protons are produced in a non-equilibrium source at both 400 AMeV and 100 AMeV.
It seems to us that RZ is not very sensitive to the energy dependence of the mixing of
projectile and target at the energy range studied in this work. We also find that RZ is also
not sensitive to the symmetry potential, which will be discussed in our another work. In
the following we make further investigation in order to find other possible probes which may
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provide more clear information for the energy dependence of the degree of equilibrium.
Fig. 1
In Fig. 2 a)-b) we show the rapidity distribution of emitted protons at beam energy 100
AMeV and 400 AMeV. From Fig. 2 a) and b) we can find that the reaction 96Ru +96 Ru
emits more protons than that of 96Zr+96Zr because of 8 protons difference for two reaction
systems. The proton rapidity distribution for 96Zr+96Ru and 96Ru+96Zr is between those
of Ru+Ru and Zr+Zr. Differing from the symmetric reaction Ru+Ru and Zr+Zr, the
rapidity distribution of emitted protons for Ru+Zr and Zr+Ru is asymmetric and the peaks
deviate from Y = 0. It again means that the protons are emitted from a non-equilibrium
source. But again we find it is difficult to give clear energy dependence of the degree of
equilibrium reached. As we know that comparing with the most stable isotopes 102Ru and
90Zr, 96Ru is of 6 neutron deficiency and 96Zr is of 6 neutron excess. The ratio between
proton number and neutron number for 96Ru and 96Zr is 0.85 and 0.71, respectively. It
would be more desirable to study the rapidity distribution of the isovector density of emitting
nucleons for isospin asymmetric nuclear systems. Therefore we introduce the neutron-proton
differential rapidity distribution. Fig. 3 a), b) and c) show the neutron-proton differential
rapidity distribution for 96Ru+96Ru, 96Zr+96Zr, 96Zr+96Ru, 96Ru+96Zr at a) 100 AMeV,
b = 0fm, b) 400 AMeV, b = 0fm and c) 400 AMeV, b = 5fm. First, for all three cases a),
b) and c), the centroids of neutron-proton differential rapidity distribution for 96Ru+96 Zr,
96Zr+96 Ru are located at the side of Zr (as target or projectile) and strongly deviate from
Y = 0. The centroid of distribution should be at Y = 0 if a system is in equilibrium. The
deviation of the centroid of neutron-proton differential rapidity distribution from Y = 0
means there is non-equilibrium effect. The larger the deviation from Y = 0 is the stronger
the non-equilibrium effect is. The deviation of the centroid of neutron-proton differential
rapidity distribution from Y = 0 for b = 5fm case is much larger than that for b = 0fm case.
This is of course quite understandable. Further more, one can find that the neutron-proton
differential rapidity distribution of symmetric reactions 96Ru +96 Ru, 96Zr +96 Zr at 100
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AMeV deviates from the Gaussion shape more strongly than that at 400 AMeV. It implies
that there exist obvious non-equilibrium effect in the emitting nucleon process. Therefore we
can conclude that the neutron-proton differential rapidity distribution is a sensitive probe to
explore the energy dependence of the degree of equilibrium for an isospin asymmetric system.
We may generalize the neutron-proton differential rapidity distribution by introducing t-
3He differential rapidity distribution to probe equilibration in isospin asymmetric colliding
systems.
Fig. 2 a), b)
Fig. 3 a), b), c)
However, emitted single nucleons can only characterize limited part of the system, therefore
we further study the isospin distribution in LCP and IMF in addition to nucleons. In Fig.
4 (I) and (II), we show the average N/Z ratios in emission of nucleons, LCP and IMF at
projectile (a)), central (b)) and target (c)) rapidity region in four systems at 400 AMeV and
100 AMeV, b = 0fm, respectively. The projectile rapidity region is defined by 1.5 ≥ Y ≥ 0.5,
the target rapidity region −0.5 ≥ Y ≥ −1.5 and the central rapidity region 0.5 ≥ Y ≥ −0.5.
The figures firstly tell us a basic feature that the difference between the average N/Z ratios
of emitted nucleons of 4 colliding systems with different isospin asymmetry is much larger
than that between the average ratios of LCP and IMF of 4 systems at three rapidity regions,
i.e., the more neutron (proton) rich systems emit more neutrons (protons) while the average
N/Z ratios of LCP and IMF for these four systems are relatively close. This behavior is
stronger at 100 AMeV case. The experimental measurements at tens AMeV energy region
[10] found that the more asymmetric the system is the stronger the system will be breaking
up into still more neutron rich (deficient) light fragments while the N/Z ratio of heavier
fragments remains relatively insensitive. Our calculation results show similar tendency, only
because of the energy difference, here the N/Z ratios of emitted nucleons, LCP and IMF are
compared instead of comparing the N/Z ratios for LCP and IMF in [10] where the energy
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was relatively low. The second feature is that the average N/Z ratio of emitted nucleons
generally is the largest, and then, that of LCP and the N/Z ratio of IMF is the smallest in
all rapidity region, which implies that the single nucleons are more neutron rich and LCP
and IMF are more isospin symmetric.
It is more meaningful to investigate whether the N/Z ratio of IMF for mixing reaction
converges or not as far as the degree of equilibrium is concerned because IMF produce at late
stage of reaction [11]. When we attend to the N/Z ratios at target and projectile rapidity
region, we find that not only the N/Z ratios of emitted nucleons for two mixing reactions
96Zr +96 Ru and 96Ru +96 Zr but also those of LCP and IMF do not merge each other
but they are more close to Zr + Zr or Ru + Ru at respective rapidity region. It means
that not only the nucleons but also IMF are not emitted from an completely equilibrium
source. Of course, the difference of the average N/Z ratio of IMF for reactions Zr+Ru and
Ru + Zr is weaker than emitted nucleons, which is understandable because IMF produce
at later stage. One can further find that the difference of the N/Z of IMF for Zr + Ru
and Ru+ Zr at 100 AMeV is larger than that at 400 AMeV. It may also imply the energy
dependence of the degree of equilibrium with respect to the isospin degree of freedom. The
energy dependence of the degree of equilibrium is because the two-body collisions become
more violent as energy increases from 100 AMeV to 400 AMeV.
By comparing Fig. 4 (I) and (II), one can find that the N/Z ratio decreases as energy
increases from 100 AMeV to 400 AMeV for all 4 systems. It would be interesting to study
the reason of this behavior. In Fig. 5 we show the yields of the isotopes of the most abundant
IMF charges, a) Li, b) Be, c) B for Zr + Zr, Zr + Ru, Ru + Zr, Ru + Ru at 100 AMeV
and Zr + Zr, Ru + Ru at 400 AMeV, respectively. One can easily find that the yields of
isotopes of Li, Be, B for 100 AMeV case are about several times larger (for non-neutron rich
isotopes) to several tens times larger (for neutron rich isotopes) than those for 400 AMeV
case. The curves for isotope distribution of Li, Be, B for 100 AMeV are more flat than those
for 400 AMeV and furthermore the most abundant isotopes of Li, Be, B are always those of
most stable ones for 100 AMeV case while are always those of the lightest isotopes for 400
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AMeV case. Consequently, the average N/Z of IMF is reduced as energy increases from 100
AMeV to 400 AMeV. The another obvious difference between the isotope distribution of Li,
Be, B for 100 AMeV and 400 AMeV case is the dependence of the yields of the neutron
rich (deficient) isotopes on the initial system. For 100 AMeV case, the relative yields of
the neutron rich (deficient) isotopes depends on the N/Z ratio of initial system. The initial
system with larger N/Z ratio produces more neutron rich isotopes and vice versa. We notice
that for this case (100 AMeV) that the curves of the isotope distribution of Li, Be, B in
mixing reactions Zr + Ru and Ru + Zr do not merge into one curve but they are close to
those of respective reactions Zr + Zr or Ru + Ru with the same projectile. It means that
there exist certain memory effect at 100 AMeV case. For 400 AMeV case, this memory
effect appearing in the isotope distribution of IMF charges disappears.
Fig. 4
Fig. 5
In summary, we have studied the isospin relevant probes: normalized proton counting RZ ,
the proton rapidity distribution, the neutron-proton differential rapidity distribution as well
as theN/Z ratio of single nucleons, LCP, IMF at central, projectile and target rapidity region
for four 96 mass systems 96Ru+96Ru, 96Ru+96 Zr, 96Zr+96Ru, 96Zr+96 Zr at 100 AMeV
and 400 AMeV with isospin dependent QMD. All these probes concerning the single nucleon
emission studied in this work show that the emitted nucleons are not from an equilibrium
source and there exits obvious non-equilibrium effect. We propose that the neutron-proton
differential rapidity distribution is a sensitive probe to the energy dependence of the degree
of equilibrium in single nucleon emission in intermediate energy heavy ion collisions. The
average N/Z ratios of IMF in mixing reactions 96Ru +96 Zr, 96Zr +96 Ru with the same
N/Z and mass do not converge but they are more close to Zr+Zr or Ru+Ru at respective
rapidity region. The difference of N/Z ratios of IMF between 96Ru +96 Zr, 96Zr +96 Ru
at 100 AMeV is larger than that at 400 AMeV which shows the energy dependence of the
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non-equilibrium effect with respect to isospin degree of freedom. Furthermore, we find the
average N/Z ratios of IMF at projectile and target rapidity region of IMF largely decreases
as energy increases from 100 AMeV to 400 AMeV, which may result from the change of
the behavior of the isotope distribution of IMF charge from 100 AMeV to 400 AMeV. The
analyzing of isotope distribution of IMF charges at projectile rapidity region for four 96 mass
systems shows existing of memory effect at 100 AMeV but not at 400 AMeV concerning
isospin degree of freedom.
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TABLES
TABLE I. Parameters used in calculations
α(MeV ) β(MeV ) γ ρ0(fm
−3) K(MeV ) L(fm) CY uk(MeV )
−356 303 7./6. 0.168 200 2.1 −5.5
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FIGURES
FIG. 1. The proton counting number Rz as function of rapidity for
96Ru+96Ru, 96Ru+96Zr,
96Zr +96 Ru, 96Zr +96 Zr at E = 100AMeV b = 0fm (a)), E = 400AMeV b = 0fm (b)) and
b = 5fm (c)), respectively. The experimental data for 400 AMeV are also given in the figure.
FIG. 2. The rapidity distribution of emitted protons for the same reaction as Fig. 1 a) at 100
AMeV, b = 0fm and b) at 400 AMeV, b = 0fm.
FIG. 3. The neutron-proton differential rapidity distribution for the same reactions as Fig. 1
a) at 100 AMeV, b = 0fm and b) at 400 AMeV, b = 0fm and c) at 400 AMeV, b = 5fm.
FIG. 4. (I) The average N/Z ratio of emitted nucleons, light charged particles and intermediate
mass fragments at a) projectile rapidity region, b) central rapidity region, c) target rapidity region
for the same reactions as Fig. 1 at E = 400AMeV , b = 0fm. (II) The same as (I) but at
E = 100AMeV .
FIG. 5. The isotope distribution of Li, Be, B at projectile region for the same reactions as
Fig. 1 at E = 100AMeV and 400AMeV , b = 0fm, respectively.
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